Abstract. In this article we survey and examine the realizability of p-groups as Galois groups over arbitrary fields. In particular we consider various cohomological criteria that lead to necessary and sufficient conditions for the realizability of such a group as a Galois group, the embedding problem (i.e., realizability over a given subextension), descriptions of such extensions, automatic realizations among p-groups, and related topics.
Introduction: The inverse problem in Galois theory
The purpose of this article is to survey and examine the realizability of p-groups as Galois groups over arbitrary fields for any prime p. We discuss the inverse problem of Galois theory, its close relative -the embedding problem, and related topics.
Let G be a finite group, and let K be a field. The inverse problem of Galois theory consists of two parts:
(1) Existence. Determine whether there exists a Galois extension M/K such that the Galois group Gal(M/K) is isomorphic to G.
(2) Actual construction. If G is realizable as a Galois group over K, construct explicitly either Galois extensions or polynomials over K having G as a Galois group.
The classical inverse problem of Galois theory is the existence problem for the field K = Q of rational numbers. The question whether all finite groups can be realized over Q is one of the most challenging problems in mathematics, and it is still unsolved.
In the early nineteenth century, the following result was established: Theorem 1.1. (Kronecker-Weber) Any finite abelian group G occurs as a Galois group over Q. Furthermore, G can be realized as the Galois group of a subfield of the cyclotomic field Q(ζ), where ζ is an nth root of unity for some natural number n.
The proof can be found in most books on class field theory.
The first systematic study of the Inverse Galois Problem started with Hilbert in 1892. Hilbert used his Irreducibility Theorem to establish the following result: Theorem 1.2. For any n ≥ 1, the symmetric group S n and the alternating group A n occur as Galois groups over Q.
The first explicit examples of polynomials with the alternating group A n as a Galois group were given by Schur [Schur] in 1930.
The next important step was taken in 1937 by A. Scholz and H. Reichard [Scho, Re] who proved the following existence result: Theorem 1.3. For an odd prime p, every finite p-group occurs as a Galois group over
Q.
The final step concerning solvable groups was taken by Shafarevich [Sha] , although with a mistake relative to the prime 2. In the notes appended to his Collected papers, p. 752, Shafarevich sketches a method to correct this. For a full correct proof, the reader is referred to the book by Neukirch, Schmidt and Wingberg [NSW, Chapter IX] .
Theorem 1.4. (Shafarevich) Every solvable group occurs as a Galois group over Q.
Extensive surveys of recent developments regarding the classical inverse problem can be found in monographs such as [JLY, MM, Se2, Vö] . We will, however, concentrate on the inverse problem for p-groups over arbitrary fields.
Our paper is organized as follows. In Section 2 we discuss the cohomological approach to the embedding problem developed in such works as [ILF, MZ, Mi8] . In Section 3 we present some more specific criteria concerning central embedding problems with cyclic p-kernel. In Sections 4 and 5 we discuss the quadratic corestriction homomorphism and orthogonal representations of Galois groups. There we also give proofs of some unpublished results of Michailov. In Section 6 we present some of the most significant results concerning the realizability of p-groups as Galois groups over arbitrary fields.
Finally, in Section 7 we investigate automatic realizations among p-groups.
The embedding problem
Let k be arbitrary field and let G is a non simple group. Assume that A is a normal subgroup of G. Then the realizability of the quotient group F = G/A as a Galois group over k is a necessary condition for the realizability of G over k. In this way arises the next generalization of the inverse problem in Galois theory -the embedding problem of fields.
Let K/k be a Galois extension with Galois group F , and let such that K is contained in L, G is isomorphic to Gal(L/k), and the homomorphism of restriction to K of the automorphisms from G coincides with α. We denote the so formulated embedding problem by (K/k, G, A). We call the group A the kernel of the embedding problem.
A well known criterion for solvability is obtained by using the Galois group Ω k of the algebraic separable closurek over k.
Theorem 2.1. [ILF, Theorem 1.15 .1] The embedding problem (K/k, G, A) is weakly solvable if and only if there exists a homomorphism δ : Ω k → G, such that α · δ = ϕ, where ϕ : Ω k → F is the natural epimorphism. The embedding problem is properly solvable if and only if among the homomorphisms δ, there exists an epimorphism.
Given that the kernel A of the embedding problem is abelian, another well known criterion holds. We can define an F -module structure on A by a ρ =ρ −1 aρ (ρ is a pre-image of ρ ∈ F in G).
Let us recall the definition of the inflation map inf
Denote by G × F Ω k the direct product with amalgamated quotient group F , i.e., the subgroup of the direct product G × Ω k , containing only the elements (y, ω), such that α(y) = ϕ(ω) for y ∈ G and ω ∈ Ω k . We have then the commutative diagram with exact rows: Corollary 2.2. [ILF, Theorem 13.3 .2] Let A be an abelian group and let c be the 2-coclass of the group extension (2.1) in H 2 (F, A). Then the embedding problem (K/k, G, A) is weakly solvable if and only if inf
Next, let K contain a primitive root of unity of order equal to the order of the kernel A. Then we can define the character groupÂ = Hom (A, K * ) and make it an F -module
Let Z[Â] be the free abelian group with generators e χ (for χ ∈Â). We make it an F -module by ρ e χ = eρ χ . Then there exists an exact sequence of F -modules
i where k i ∈ Z. We can clearly consider all F -modules as Ω k -modules. The exact sequence (2.2) then implies the exact sequence [ILF, §3.13 .3]), we obtain the following exact
We call the element η = γc the (first) obstruction. The condition η = 0 clearly is necessary for the solvability of the embedding problem (K/k, G, A). This is the well-known compatibility condition found by Faddeev and Hasse. In general it is not a sufficient condition for solvability. Indeed if we assume that η = 0, then there appears
order to obtain a necessary and sufficient condition we must have both η = 0 and ξ = 0. The second obstruction is very hard to calculate explicitly, though. That is why embedding problems for which H 1 (Ω k , Hom(V,k × )) = 0 are of special interest. This condition turns out to be fulfilled in a number of cases.
Let us begin with the so called Brauer problem. The embedding problem (K/k, G, A)
is called Brauer ifÂ is a trivial F -module. Then we have the well known.
Theorem 2.3. ( [MZ, Theorem 3 .1]), [ILF, Theorem 3 .1] The compatibility condition for the Brauer problem (K/k, G, A) is necessary and sufficient for its weak solvability.
Recently, Michailov generalized this result with the following. Mi8, Theorem 3.2] ) Let A be an abelian group of order n, let the field K contain a primitive nth root of unity, and let m be an integer such that m 2 ≡ 1 (mod n). Assume that (K/k, G, A) is an embedding problem such that the action of F = G/A onÂ satisfies the following: for any ρ ∈ F we have either ρ χ = χ m for all χ ∈Â, or ρ χ = χ for all χ ∈Â. Then the compatibility condition is necessary and sufficient for the weak solvability of the embedding problem (K/k, G, A).
We can easily obtain now some previously known results as corollaries from the latter theorem.
Corollary 2.5. ( [MZ, Theorem 3.2] ) Let the kernel A be abelian and let ρ χ = χ ±1 for all χ ∈Â, ρ ∈ F . Then the compatibility condition is necessary and sufficient for the weak solvability of the embedding problem (K/k, G, A).
with a kernel A isomorphic to the cyclic group of order 4 is weakly solvable if and only if the compatibility condition is satisfied.
Since one of the forms of the compatibility condition is that all associated Brauer problems are solvable, the above results reduce the considerations of the original embedding problem to certain associated Brauer problems. (For the definition of associated problems see [MZ] , and for the reduction see [Mi8] ).
3. Cohomological criteria for solvability of embedding problems with cyclic kernel of order p Let k be arbitrary field of characteristic not p, containing a primitive pth root of unity ζ, and put µ p = ζ . Let K be a Galois extension of k with Galois group F .
Consider the group extension
where ε is a central element of order p in G. We are going to identify the groups ε and µ p , since they are isomorphic as F -modules.
Assume that c ∈ H 2 (F, µ p ) is the 2-coclass corresponding to the group extension (3.1). The obstruction to the embedding problem (K/k, G, µ p ) we call the image of c under the inflation map inf
Note that we have the standard isomorphism of H 2 (Ω k , µ p ) with the p-torsion in the Brauer group of k induced by applying H * (Ω k , ·) to the p-th power exact sequence of
In this way, the obstruction equals the equivalence class of the crossed product algebra (F, K/k,c) for anyc ∈ c. Hence we may identify the obstruction with a Brauer class in Br p (k).
Note that we have an injection µ p ֒→ K × , which induces a homomorphism ν :
Then the obstruction is equal to ν(c), since there is an isomorphism between the relative Brauer group Br(K/k) and the group H 2 (F, K × ).
Clearly, the problem (K/k, G, µ p ) is Brauer, so from the proof of Theorem 2.3 given in the paper [MZ] it follows that H 1 (Ω k , Hom(V,k × )) = 0. Hence the homomorphism
) is an injection. Therefore, the problem is solvable if and only if the (first) obstruction is split.
More generally, the following result holds.
Theorem 3.1. [Ki] Let c be the 2-coclass in H 2 (F, µ p ), corresponding to the group extension (3.1). Then the embedding problem (K/k, G, µ p ) is properly solvable if and
/k is a solution to the embedding problem for some β ∈ K × , then all solutions are of the kind K(
Henceforth, embedding problems of the kind (K/k, G, µ p ) we will call for short µ pembedding problems. An abstract description of the solutions to the µ p -embedding problems is given by Swallow in [Sw2] and in a more concise form in [ST, Theorem 4] .
From the well-known Merkurjev-Suslin Theorem [MeS] it follows that the obstruction to any µ p -embedding problem is equal to a product of classes of p-cyclic algebras. The explicit computation of these p-cyclic algebras, however, is not a trivial task. We are going to discuss the methods for achieving this goal.
We denote by (a, b; ζ) the equivalence class of the p-cyclic algebra which is generated by i 1 and i 2 , such that i In 1987 Massy [Ma] obtained a formula for the decomposition of the obstruction in the case when
n , the elementary abelian p-group.
be a non split central extension, and choose pre-images s 1 , s 2 , . . . , s n ∈ G of σ 1 , σ 2 , . . . , σ n .
Then the obstruction to the
In 1996 Swallow [Sw3] described explicitly the solutions of µ p -embedding problems
In 2001 Quer [Qu] found necessary and sufficient conditions for solvability of the µ p -embedding problem with an abelian quotient group F . The conditions are in terms of the existence of elements with certain norm properties. They appear in the theory of elliptic Q-curves discussed in the same paper.
In 2007 Michailov [Mi5] obtained a formula for the decomposition of the obstruction in the case when F has a direct factor C p for an odd p. The same is done in [Mi3] for p = 2. We are now going to formulate these results in a unified way.
Let H be a p-group and let
be a non split central group extension with characteristic 2-coclass γ ∈ H 2 (H ×C p , C p ).
By res H γ we denote the 2-coclass of the group extension
Let σ 1 , σ 2 , . . . , σ m be a minimal generating set for the maximal elementary abelian quotient group of H; and let τ be the generator of the direct factor C p . Finally, let s 1 , s 2 , . . . , s m , t ∈ G be the pre-images of σ 1 , σ 2 , . . . , σ m , τ , such that t p = ζ j and 
the Kronecker delta). Then the obstruction to the embedding problem
Ledet describes in his book [Le4] a more general formula for the decomposition of the obstruction of µ p -embedding problems with finite group F isomorphic to a direct product of two groups.
Let G be arbitrary finite group, and let p be a prime divisor of ord(G).
as the subgroup of G generated by all elements of order prime to p. It is clear that
is the intersection of all normal subgroups in G of p-power index. 
be a non split central group extension with cohomology class γ ∈ H 2 (N × H, µ p ). Let K ′ /k and K/k be the subextensions corresponding to the factors N and H. (I.e., 
Then the obstruction to the embedding problem (L/k, G, µ p ) given by γ is
There are many groups, however, which do not fit in the conditions of the results listed above, so more criteria are needed. The corestriction homomorphism cor F/H :
appears to be one of the strongest tools in the case when F is not a direct product of smaller groups (H is a properly chosen subgroup of F ).
In [Ri] is given an analogue of the corestriction homomorphism, acting on central simple algebras. Given a Galois extension K 1 /k of degree p, we have the corestriction homomorhpism between the Brauer groups cor
denote by Ω k the Galois group of the separable closure of k over the field k, and
by Ω K 1 the subgroup of Ω k , leaving K 1 fixed. Then we also have the corestriction [Ri, Theorem 11 ] that the following commutative diagram holds:
In this way one can easily see that the obstruction to the corestricted embedding problem is equal to the corestriction of the obstruction to the original problem. In order to apply the corestriction homomorphism in the calculations, we need a formula for the corestriction of p-cyclic algebras. Tignol gave in [Ti] a detailed proof of the so-called projection formula:
There are some cases, however, when the projection formula is not enough. Swallow and Thiem found in [ST] the following general formula for the quadratic corestriction homomorphism.
Next, we are going to describe a situation which sometimes occurs, when a certain group extension can be constructed from other group extension by lowering or raising the order of one of its generators. Now, let G be a finite group, and let {σ 1 , . . . , σ k } be a fixed (not necessarily minimal) generating set of G with these properties: |σ 1 | = p n−1 for n > 1, the subgroup H generated by σ 2 , . . . , σ k is normal in G, and the quotient group G/H is isomorphic to the cyclic group
Denote by
= 1; and (3) all other relations between the generators of the groups G 1 and G 2 are identical, i.e., σ
The following theorem, proved by Michailov [Mi7] , gives us the connection between the obstructions of the two embedding problems related to (3.3) and (3.4). 
H be the fixed subfield of H, and let the groups G 1 and G 2 from (3.3) and (3.4) be such that
Then the relation between these obstructions is given by
In the following two sections we will focus on some specific criteria related to the applications of the quadratic corestriction homomorphism for µ 2 -embedding problems.
The quadratic corestriction homomorphism
Let G be a finite group and let H be an index 2 subgroup of G. Then we can define the quadratic corestriction homomorphism cor G/H :
One way of computing the quadratic corestriction is by applying the formula of Tate [Ta] , which in our case takes the form displayed in the following
by:
are the 2-coclasses of f andf , respectively.
With the aid of Lemma 4.1 we can construct some corestricted group extensions and thus solve the related µ 2 -embedding problems which can not be treated with the cohomological criteria given in Section 3. However, Lemma 4.1 does not provide us with the answer of the important question whether a given group extension is a corestricted group extension, i.e., lies in the image of cor G/H for some subgroup H of G. In what follows, we will describe a construction which will help us relatively easy to recognize the corestricted group extensions.
Let G be a finite 2-group and let E 4 be a normal subgroup of G, isomorphic to the elementary abelian group of order 4 with generators σ and τ . Assume, furthermore, that there exists a subgroup H in G, such that E 4 is a normal subgroup in H, H is contained in the centralizer C G (E 4 ) of E 4 in G, and the index of H in G is 2. Next, choose and fix g 1 ∈ G \ H, and assume that g 1 σg −1 1 = σ and g 1 τ g −1 1 = στ . Then for H = H/E 4 and G = G/E 4 we have the isomorphism G/H ∼ = G/H. Finally, choose and fix g ∈ G \ H, so that we have a G-action on E 4 , given by c h = c for all c ∈ E 4 and h ∈ H; σ g = σ and τ g = στ . In these notations, it holds
be the 2-coclass, represented by the group extension
H −→ 1, and let c 3 ∈ H 2 (H, µ 2 ) be the 2-coclass, represented by the group extension
In order to verify whether a given group extension is corestricted from some other group extension, we can try to construct the group G, having the properties given above Theorem 4.2. If we obtain defining relations that are not contradictory, then
we have reached our goal. This is done for instance in [Mi7, Section 5] . On the other hand, if we are not able to do that, it is highly probable that the group extension is not a corestriction. In that case we can use Proposition 4.4, given below, in order to prove such a supposition.
In the statements of the following results we use the standard notations: ord(g) is the order of g ∈ G; exp(G) is the exponent of the group G, i.e., exp(G) = lcm{ord(g) :
Clearly, when G is a 2-group, the exponent is equal to the highest order of an element from G.
be a group extension of 2-groups, represented by the 2-cocycle f ∈ Z 2 (Z, µ 2 ). Let z ∈ Z, ord(z) = k > 1 and let y ∈ Y be arbitrary preimage of z in Y . Then
Proof. As we know, the 2-cocycle f ∈ Z 2 (Z, µ 2 ) is defined by a set {u x } x∈Z ⊂ Y in this way: u x u y = u xy f (x, y) with the natural condition u 1 = 1, f (1, * ) = f ( * , 1) = 1. Let y and z be such as in the statement. We may assume that y = u z . Clearly
and we are done.
Proposition 4.4. Let G be a 2-group, let H be a subgroup of index 2 in G and let
and let f ∈ Z 2 (G, µ 2 ) correspond to the group extension
Then the following conditions hold:
Proof.
(1). If exp(H 1 ) = exp(H), the inequality clearly holds. Now, let exp(H 1 ) > exp(H). Denote k 1 = exp(H 1 ) and k = exp(H). Then k 1 = 2k and there exists
Then there exists h 2 ∈ H 2 such that β(h 2 ) = h and ord(h 2 ) = k.
Thereforef (h k/2 , h k/2 ) = 1. Next, consider the element ghg −1 , which obviously has the same order k, and arbitrary preimage h
. Therefore any preimage of h in H 1 will have order k. We are done.
The non abelian 2-groups having a cyclic subgroup of index 2 are frequently discussed in various researches devoted to Galois theory. For n > 3, there are four such groups of order 2 n with exactness up to an isomorphism (see for example [Ha] ): Q 2 n (the quaternion group), D 2 n (the dihedral group) * , SD 2 n (the semidihedral or quasidihedral group) and M 2 n (the modular group). These groups are generated by two elements σ and τ . We list their presentations:
If we suppose that the ground field contains enough roots of unity (e.g. 2 n−2 -th roots of unity), the obstructions to the µ 2 -embedding problems related to these groups are precisely calculated (see [Fr] for the dihedral and quaternion groups, and [Mi6] for the modular group). On the other hand, if we relax the condition on the roots of unity even a little bit, the calculations become very difficult. Michailov calculated the obstructions to certain embedding problems with cyclic kernel in [Mi1, Mi3] under some specific requirements for the roots of unity. If we have no requirements for the roots of unity it is not known how to decompose the obstructions as products of quaternion algebras for n ≥ 6. That is why it is important to know whether these groups can be constructed via a corestriction. Unfortunately, as we will see, the answer is negative.
Note that the centre of Q 2 n , D 2 n , SD 2 n is σ 2 n−2 , and the centre of M 2 n is σ 2 .
Observe that if
In particular we see that exp(G 1 ) = 2 n−1 and exp(G) = 2 n−2 .
Proposition 4.5. The non abelian groups of order 2 n (n > 3), having a cyclic subgroup of order 2 n−1 , can not be constructed via a corestriction homomorphism.
Proof. Assume that G 1 is one of these groups of order 2 n that can be construted via a corestriction. Namely, let
) for a subgroup H < G of index 2. Write as usual H 1 = α −1 (H). There are * We prefer to denote by D 2m the dihedral group of order 2m, rather than order m, to avoid any confusion with the notations for the remaining groups.
several possibilities for H 1 and H = α(H 1 ):
In all possibilities, however, the inequality exp(H 1 ) > exp(H) holds. Now, if H ∼ = C 2 n−2 or D 2 n−2 and h ∈ H is an element of maximal order, then all elements of maximal orders are in h . Indeed, in the dihedral groups we have the relations (σ s τ ) 2 = 1 for all s, so the elements of maximal orders are only of this kind: σ l for an odd l. From Proposition 4.4 (2) follows then that exp(H 1 ) = exp(H), a contradiction.
Finally, if H ∼ = C 2 n−3 × C 2 then G ∼ = C 2 n−2 × C 2 and all elements from G commute with the elements from H. Then form Proposition 4.4 (2) again follows that exp(H 1 ) = exp(H), which again is a contradiction.
Orthogonal representations of Galois groups
We begin with some preliminaries about orthogonal representations. Let k be a field of characteristic = 2, let V be a finite-dimensional k-vector space, and let (V, q) be a quadratic space, q being a quadratic form. The isometries (V, q) → (V, q) constitute a subgroup O(q) of GL k (V ), called the orthogonal group of q. An orthogonal representation of a finite group G is then a homomorphism µ : G −→ O(q) of G into the orthogonal group of some regular quadratic form q. From now on, by an orthogonal representation we will mean a faithful one, i.e., an embedding µ : G ֒→ O(q).
We adopt the notations about Clifford algebras used in [Le4, Ch. 5, S. 2]: C(q) is the Clifford algebra of q; C 0 (q) is the even Clifford algebra; C(q) = C 0 (q) ⊕ C 1 (q); if
x ∈ C i (q), we write ∂x = i; C × (q) is the Clifford group, defined as the subgroup of C(q) × , consisting of those invertible elements x, for which xV x −1 = V . The anisotropic vectors of V are in C × (q) and vuv
where v is anisotropic and
T v is the reflection on the hyperplane v ⊥ . There is an exact sequence
r being a map defined by r x : u → (−1) ∂x xux −1 , where x ∈ C × (q) and u ∈ V . In particular, for C × 0 (q) = C × (q) ∩ C 0 (q) we get another exact sequence
Denote by ι the principal involution on C(q), which preserves the scalars, sums and vectors, and reverses products. Denote by N : C × (q) −→ k × the norm given by N(x) = xι(x), and by sp : O(q) −→ k × /2 the spinor norm given by sp(T v ) = q(v). Put Pin(q) = ker(N), Spin(q) = Pin(q) ∩ C × 0 (q). Hence, we have the long exact sequences
If we take the separable closurek of k, we get the short exact sequences
Proposition 5.1. Let G and H ≤ G be as in the definitions above Theorem 3.6 for p = 2. Let ϕ : G/H −→k × be the homomorphism induced by the isomorphism G/H ∼ = ζ 2 n−1 and the inclusion ζ 2 n−1 ֒→k × , where ζ 2 n−1 is a primitive 2 n−1 th root of unity. Assume that is given an orthogonal representation G ֒→ O(q), and take the
there exists a subgroupḠ of C × (q), such that
(1) The diagram
is commutative with exact rows, where N is the norm and r ′ is the restriction
Proof. Choose and fix preimagesσ 1 , . . . ,σ κ ∈ G of the generators σ 1 , . . . , σ κ of G.
Next, letḠ be the subgroup of C × (q), generated by the elementsσ 1 =σ 1 ζ 2 n ,σ 2 = σ 2 , . . . ,σ κ =σ κ . We will show thatḠ satisfies the conditions (1) and (2).
First, we will see that ker(r
, where by r we denote also the restriction of r on Pin(q).
Therefore, the diagram in the statement indeed is commutative and with exact rows.
Finally, we have either |σ 1 | = 2 n−1 , orσ
= −1, and since the remaining relations between the generators of G, respectively ofḠ, are identical, we see thatḠ = G (2 n ,σ 1 ) . Ifσ
We will look now at the double covers of the symmetric group S n . Let L/k be a
Galois extension with Galois group G, and assume that L is the splitting field over k of
of degree n. We can then embed G transitively into S n by considering the elements of G as permutations of the roots of f (x). Consider the 'positive' double cover
where transpositions lift to elements of order 2, and the 'negative' double cover
where the transpositions lift to elements of order 4 (in both cases products of two disjoint transpositions lift to elements of order 4). Take now the restrictions
of the 'positive' and, respectively, the 'negative' double covers of S n .
Corollary 5.2. Under the above notations, assume that G contains a transposition.
Then G − = G +(4,σ 1 ) and the relation between the obstructions of the related embedding problems is given by
Proof. Denote by σ 1 any transposition from G, and by H the subgroup G ∩ A n of G. Choose a set of generators σ 2 , . . . , σ κ for H, so σ 1 , σ 2 , . . . , σ κ are generators for G.
Then pick their preimagesσ 1 ,σ 2 , . . . ,σ k in G + . Since G + is in Pin n (k) (see [Le4] ) and σ 2 1 =σ 2 1 = 1, we can make use of Proposition 5.1. Whence we can define a subgroup G = G +(4,σ 1 ) of C × n (k), generated byσ 1 =σ 1 i,σ 2 =σ 2 , . . . ,σ κ =σ κ (i is the imaginary unity). Now, fromσ 2 1 = −1 follows that each transposition from G lifts to an element of order 4 inḠ. Indeed, if σ is another transposition in G, then σ = σ 1 τ for τ ∈ H, so we can choose preimageσ =σ 1τ = iσ 1τ ∈Ḡ, whereτ is also in G + , and ord(σ 1τ ) = 2.
Therefore,σ 2 = −1 andḠ ∼ = G − .
Finally, from σ 1 ( d f ) = − d f we obtain the relation between the obstructions, given in the statement. Now, let us recall the definition of Galois twist, which involves the existence of the first cohomological group H 1 (G, G), where G is non abelian group with a G-action.
Assume again that (V, q) is a quadratic space over k, and that K/k is a Galois extension with Galois group G. Then we can extend the scalars to get a quadratic space
The semi-linear action of G then gives us the equation
Conversely, if (W, Q) is a quadratic space over K endowed with a semi-linear action such that Q(σu) = σQ(u) is satisfied, we obtain a quadratic space (W G , Q G ) over k by taking fixed points and restricting Q. These two operations (scalar extension and fixed points) preserve regularity and are each others inverses. Also, O(Q) is a G-group by conjugation: (σϕ)(u) = σϕ(σ −1 u).
Next, let f : G → O(q K ) be a crossed homomorphism. Then we can define a semi-linear action by σ u = f σ (σu) and get an induced quadratic space (
, and consequently (V f , q f ) and (V g , q g ) are equivalent. Hence, to each element in H 1 (G, O(q)) we can associate an equivalence class of quadratic spaces over k.
The quadratic space (V f , q f ) is said to arise from (V, q) by taking the Galois twist with respect to f .
Define the element
where a i = q(u i ) for some canonical orthogonal basis u 1 , . . . , u n of q. Clearly, hw(q) depends only on the equivalence class of q. It is called the Hasse-Witt invariant or the second Stiefel-Whitney class of q.
The obstruction now can be calculated by the formula, displayed in the following.
Theorem 5.3. ( [Fr, Le4] ) Let L/k be a finite Galois extension with Galois group G = Gal(L/k) and assume G ֒→ O(q) for some regular quadratic form q over k. Let e : Gal(k/k) → O(q) be the induced crossed homomorphism, and let q e be the Galois twist of q by e. Also, let
be the group extension induced by G ֒→ O(q) and the group extension
. . , √ a r )/k be the maximal elementary abelian 2-subextension of L/k, and let ρ 1 , . . . , ρ r ∈ G be such that
where d and d e are discriminants of q and q e , repectively. Now, let L/k be a finite Galois extension with Galois group G, let H be a subgroup of G with fixed field K = L H , and let µ : H ֒→ O(q) be an orthogonal representation over k. Then, according to [Fr, FM] , we can construct an induced orthogonal representation indµ : G ֒→ O(q indµ ), where indµ has as underlying module the induced G-module
is not hard to show that, given an orthogonal representation µ : H ֒→ O(q), such V indµ exists and is unique up to an isomorphism (see e.g. [FH, §3.3] ). Moreover, the action of G can be explicitly determined: Each element v ∈ V indµ has a unique expression v = w σ ⊗ σ for elements w σ in V q . For a given g ∈ G, we must have
Next, assume that we have a special orthogonal representation µ : H ֒→ SO(q) over k. Denote byk the separable closure of k, and byq the extension of q tok. Then we have a diagram 
Recently, Michailov [Mi6] proved the following.
Theorem 5.4. ([Mi6, Theorem 2.2])
Let G be a finite group, and let H be a subgroup of G, such that |H| = 2 t m, (t, m ≥ 1). Let also µ : H ֒→ SO(q) be an orthogonal representation over k with an underlying module V q , such that n = dim k V q ≡ 0 (mod 4).
Denote byf ∈ Z 2 (H, µ 2 ) and by f ∈ Z 2 (G, µ 2 ) the 2-cocycles given by the described
Now, assume again that L/k is a normal and separable extension with a finite Galois group G. We can always find a primitive element θ such that
be the minimal polynomial of θ of degree n = [L : k], and let θ = θ 1 , θ 2 , . . . , θ n be the conjugates of θ. Then G = G(f ) embeds transitively into the symmetric group S n . Next, recall that for the quadratic form q 1 = 1, . . . , 1 on V 1 = k m we have that
In this way, we get the induced orthogonal representation G ֒→ O n (k), which is identical to the transitive embedding of G = G(f ) in S n . Now, take the group extension
which is the restriction of the group extension 
Realizability of p-groups as Galois groups
The realizability of 2-groups as Galois groups is discussed in a great number of papers, but obstructions over arbitrary base field k are obtained in only a few of them.
The precise calculation of the obstructions in general is a difficult and delicate task, but when done properly, it rewards the author with the opportunity to describe the Galois extensions realizing that group, and to discover new automatic realizations (see Section 7).
The condition for the realizability of the cyclic group C 4 over arbitrary fields with characteristic different from 2 has been known for a long time. Namely, if k( √ a)/k is an arbitrary quadratic extension, then the group C 2 = Gal(k( √ a)/k) can be embedded into a C 4 extension if and only if a is a sum of two squares. Hence C 4 is realizable over k if and only if there exists a ∈ k × \ k ×2 such that a = x 2 + y 2 for some x, y ∈ k.
It is easy to see that this condition descends from the obstruction to the embedding problem (k( √ a)/k, C 4 , µ 2 ) which is exactly the quaternion algebra (a, −1) ∈ Br 2 (k).
In 1886 Dedekind constructed for the first time Galois extensions over Q with Galois group Q 8 , the quaternion group of order 8. This result was published in a posthumous article [De] . In 1936 Witt published a paper [Wi] [Fr] where he developed the theory of orthogonal representations of Galois groups, generalizing Serre's formula from [Se1] .
In particular, Fröhlich calculated the obstructions to realizability of the dihedral and quaternion groups of order 4n over fields containing a primitive n-th root of unity for n ≥ 2 (see [Fr, (7.10) ]. An explicit description of the solutions to embedding problems associated to orthogonal Galois representations was done by Crespo in [Cr] .
The first attempt at finding necessary and sufficient conditions for the realizability of a number of non abelian groups of order 16 was made by Kiming [Ki] in 1990.
Five years later Ledet [Le1] found the decomposition of the obstructions as quaternion algebras of all groups of order 2 n for n ≤ 4 with the exception of C 16 , the cyclic group of order 16. For some of the groups Ledet applied Theorem 3.4, and for others (e.g. the dihedral, semi-dihedral and the quaternion groups) he applied 'brute force'. The latter approach exploits the well-known theorem for the centralizer of a c.s. subalgebra:
If A is a c.s. k-algebra and B is a c.s.
where C A (B) is the centralizer of B in A.
Unfortunately, this method works exclusively for Brauer problems such that the obstruction can be decomposed as a product of at most three quaternion algebras (i.e., when the quotient group is of order ≤ 8, since the crossed product algebra then has dimension ≤ 64 = 4 3 over the base field). Ledet made a parametrization of all Galois extensions realizing groups of order 16 in [Le3] in the case when the obstructions are decomposed as a product of two quaternion algebras. Such a description can be done for any 2-group if its obstruction is of this kind (see [Mi4] concerning one group of order 32 and [Mi2] for some particular cases concerning the quaternion group of order 16). In [JLY] the reader can find a good survey of explicit descriptions of generic polynomials and extensions realizing 2-groups as Galois groups.
Michailov [Mi1, Mi3] applied brute force for specific Brauer problems with cyclic 2-kernel involving the four non abelian 2-groups having a cyclic subgroup of index 2.
The obstruction to the embedding of a C 8 extension into a C 16 extension was found by Swallow [Sw1] by applying brute force again. There are many more results concerning the realizability of cyclic and abelian 2-groups in articles such as [Schn, MSc, AFSS, JP] .
Grundman, Smith and Swallow wrote an extensive survey [GSS] of the results known until 1995 concerning the groups of order 2 n for n ≤ 4.
Naturally, the next goal was the investigation of groups of order 32. There are 51 groups of order 32. With the aid of the corestriction homomorphism Swallow and Thiem calculated in [ST] the obstructions to the realizability of several non abelian groups of orders 32 and 64.
By applying a variation of Theorem 3.3, Grundman and Stewart [GSt] found the obstructions to the realizability of 13 groups of order 32 that have a quotient group isomorphic to a direct product of cyclic groups of order ≤ 4 and/or the dihedral group of order 8. T. Smith [Sm] investigated some realizability properties (e.g. obstructions,
solutions and automatic realizations) of the two extra-special groups of order 32.
A systematic study of all non abelian groups of order 32 was done by Michailov [Mi4] in 2007. Grundman and Smith further elaborated on the obstructions of some of these groups in [GS2, GS3] . The latter two authors also determined in [GS4] the obstructions to the realizability of 134 non abelian groups of order 64. They used a variation of Theorem 3.4 to calculate the obstructions for 34 µ 2 -embedding problems
The remaining 100 obstructions were obtained for groups known as pullbacks by a method applied by Michailov in [Mi4] for 18 groups of order 32. † Namely, let ϕ ′ : G ′ → F and ϕ ′′ : G ′′ → F be homomorphisms with kernels N ′ and, respectively, N ′′ . The pullback of the pair of homomorphisms ϕ ′ and ϕ ′′ is called the
It is also called the direct product of the groups G ′ and G ′′ with amalgamated quotient group F and denoted by
The converse is also true (see [ILF] , I, §12):
Lemma 6.1. Let N 1 and N 2 be two normal subgroups of the group G, such that
The application to embedding problems is given by:
Galois extension with Galois group
F . In the notations of the lemma, let
Then the embedding problem (K/k, G, N 1 × N 2 ) is solvable if and only if the embedding
Next, according to a paper by Ninomia [Ni] , there are 26 non isomorphic non abelian groups of order 2 n for n ≥ 4 that have a cyclic subgroup of index 4. Michailov determined in [Mi7] the obstructions to the realizability of 14 groups by applying Theorems 3.3, 3.6 and 4.2. The obstructions to the remaining groups were obtained in [Mi8] by taking embedding problems with cyclic kernel of order 2 n−3 and applying Theorem 2.4. This is done with the assumption that the base field k contains a primitive 2 n−3 th root of unity.
In what follows we will concentrate on results about p-groups for an odd prime p, although most of the groups have their twins for p = 2.
We begin with a µ p -embedding problem, involving the cyclic group
, where a ∈ k × \ k ×p . Now, consider the embedding problem given by K/k and † In fact, the first examples of the obstructions to the realizability of pullbacks were given by Ledet in [Le1] . the group extension:
Denote by Γ the crossed product algebra, corresponding to (6.1). As we know, Γ is generated by elements p √ a and u, such that (
Naturally, the two non abelian groups of order p 3 were the first non abelian p-groups investigated for realizability as Galois groups. The first one is the Heisenberg group of exponent p. We denote it by G 1 and its generators by g 1 , g 2 and g 3 , such that
and g 3 is central. The second group we denote it by G 2 . It is generated by g 1 and g 2 , such that g
Massy [Ma] investigated the realizability of G 1 and G 2 over arbitrary fields containing a primitive p-th root of unity.
The embedding problem given by K/k and the group extension
gives all solutions.
More results about the realizability of G 1 and G 2 over global fields were obtained in [MN] .
Michailov [Mi5] Firstly, let us describe the non abelian groups, having C p 2 × C p as a quotient group, which is generated by σ 1 and σ 2 such that σ p 2 1 = σ p 2 = 1 and σ 1 σ 2 = σ 2 σ 1 . The presentations of these groups can be given by the relations between their generators g 1 , g 2 , g 3 and g 4 . The symbol [a, b] below stands for the commutator a −1 b −1 ab.
The corresponding central group extensions are as follows:
The last group is given by the presentation
Given that the group (C p ) 3 is generated by elements ρ 1 , ρ 2 and ρ 3 , we obtain the central group extension:
Let k be a field with characteristic = p, let ζ be a primitive pth root of unity in k, and
. We display the obstructions and the solutions to the µ p -embedding problems in the following three theorems.
Theorem 6.5. ([Mi5, Theorem 4 .1]) The obstruction to solvability of the embedding problem given by the Galois extension L/k and the group extension (6.2) is (a 2 , a 1 ; ζ).
If the embedding problem is solvable, i.e.,
The obstruction to solvability of the embedding problem given by the Galois extension L/k and the group extension (6.3) is (a 2 , a 1 ζ; ζ).
If the embedding problem is solvable, i.e., p 2 a 2 , a 1 ; ζ). Given that the embedding problem is solvable, i.e., ζ −1
The groups of orders p 5 and p 6 that have abelian quotients obtained by factoring out µ p or (µ p ) 2 will be investigated in a future paper by Michailov [Mi9] .
In 2009 Michailov investigated in [Mi6] the modular p-group M(p n ) and the group extensions from H 2 (M(p n )), µ 2 ), for n ≥ 3. The modular p-group M(p n ) is generated by two elements α and β, such that α p n−1 = β p = 1 and βα = α 1+p n−2 β, for n ≥ 3.
Put q = p n−2 .
Theorem 6.8. ([Mi6, p. 3723] ) Let a 1 , a 2 ∈ k × be independent mod k ×p and denote
, generated by elements σ and τ , such that σ q = τ p = 1. Consider the group extension:
The obstruction to solvability of the embedding problem
where [K, C q , ζ] is the equivalence class of the crossed product cyclic algebra (K, σ, ζ),
given by the restricted group extension
According to [Mi6, p. 3278] , the cohomological group
to µ 2 p , and consists of the 2-coclasses related to the group extensions
With the aid of the corestriction homomorphism, Michailov determined in [Mi6] the obstructions to the µ p -embedding problems, related to these group extensions.
Michailov also made in [Mi6] an explicit (to some extent) description of the modular p-extensions.
is a pth root of unity, but c = 1
Waterhause's ideas from [Wa] were further developed in [Mi6] with a number of propositions, e.g. the following.
Then L/k is Galois and the Galois group of L/k is isomorphic either to the semidirect product (C p ) 3 ⋊ C q , or to the group, generated by σ 1 , τ 0 , τ 1 and τ 2 , such that
, where τ 0 , τ 1 and τ 2 are the generators of
Note that for q = p, the group (C p ) 3 ⋊C p from the latter proposition is a non abelian group of order p 4 that is not isomorphic to any of the groups G 3 , . . . , G 6 considered so far. Denote it by G 7 . It is generated by elements σ, τ, λ and µ with the following relations:
A necessary and sufficient condition for the embedding of a C p -extension into a G 7 -extension will be obtained in the example given at the end of this Section.
It turns out that the description of p-extensions given so far has an impact on certain realizability issues over the field of rational numbers Q. By applying Michailov's methods from [Mi5, Mi6] , S. Checcoli [Ch] provided recently a characterization of infinite algebraic Galois extensions of the rationals with uniformly bounded local degrees. (1) K has uniformly bounded local degrees at every prime;
(2) K has uniformly bounded local degrees at almost every prime;
(3) Gal(K/Q) has finite exponent.
Moreover, if K/Q is abelian, then the three properties:
(a) K has uniformly bounded local degrees;
(c) every finite subextension of K can be generated by elements of bounded degree;
are equivalent. However, in general, we have that (c) implies (b) which implies (a) and none of the inverse implications holds.
Waterhause's ideas [Wa] also inspired J. Mináč and J. Swallow, who considered in [MS] certain embedding problems with a cyclic p-kernel. We are now going to state their main result.
Let k be an arbitrary field, and suppose that K/k is a cyclic extension with Galois
-module on the generator τ , where σ acts by multiplication by τ . Let A i be the
embedding problem related to the group extension:
We also assume that the projection of (A/A 1 ) ⋊ G = Gal(L/k) onto G coincides with the restriction map Gal(L/k) → G = Gal(K/k). Assume that char k = p and denote by ζ any primitive p-th root of unity. Then Gal(L/k) is naturally isomorphic to Gal(L(ζ)/k(ζ)). After identifying these two Galois groups we set k(ζ,
Theorem 6.15. ([MS, Theorem 1])
A) Let k be an arbitrary field. Then the following are equivalent:
(1) Some E i is solvable.
(2) Each E i is solvable. ‡ Henceforth we hold on to the additive notation Z/nZ for the cyclic group of order n, which is used by Mináč, Schultz and other authors.
Consequently, if (A/A 2 ) ⋊ G occurs as a Galois group over k, then (A/A i ) ⋊ G occurs as well, for all 2 ≤ i ≤ p. B) Now assume that char k = p. Then (1) and (2) are also equivalent to (3) b ∈ N K(ζ)/k(ζ) (K(ζ) × ).
C) Now assume further that ζ ∈ k. Suppose (1) − (3) hold, and let ω ∈ K × satisfy N(ω) = b. Suppose i > 2. Then a solution to E i is given bỹ
f ∈ k × . If i = 2 then a solution to E 2 is given byL = K( p √ ω (σ−1) p−2 ). Moreover, all
solutions of E i arise in this way.
Schultz recently generalized in [Schu] these results by allowing Gal(K/k) ∼ = Z/p n Z for any n ∈ N, and removing the condition of cyclicity (as a module) for the kernel.
Shirbisheh also considers non cyclic kernels in [Shi] , where he studies embedding problems over the field Q(ζ p 2 )/Q(ζ p ). Schultz's approach differs in that he gives explicit descriptions for all possible extensions of Z/p n Z by a finite F p [G]-module A, and then he finds a parameterizing set for each such group within J(K) = K × /K ×p . Note that the study of the F p [Gal(K/k)]-structure of J(K) was initiated by Waterhouse in [Wa] , and Schultz's results from [Schu] can be thought of as a completion of the ideas that Waterhouse presents there.
We are going now to define three symbols that appear in the statement of the main result from [Schu] . , if 0 ≤ m ≤ n.
Finally, denote by ⌈x⌉ the standard ceiling function, i.e., the smallest integer not less than x. 
Example. Let us consider the group G 7 = (Z/pZ) 3 ⋊ Z/pZ of order p 4 (see the definition of G 7 after Proposition 6.13). We may put A = Schultz also investigates in [Schu] the case when K does not contain a primitive p-th root of unity. In [Schu, Section 6 ] D i is redefined in this case, and [Schu, Theorem 6.3] is the generalization of [Schu, Theorem 1] which drops the Kummer theory assumption.
Thus the example given above can also be extended in the general case.
Automatic realizations
Let G and H be finite groups. If any field k admitting a G-extension also admits an H-extension, we will write G =⇒ H. A statement G =⇒ H is called an automatic realization. For instance, it is well-known (see [Wh] ) that Z/4Z =⇒ Z/2 n Z for all n ∈ N. Of course, we always have the trivial automatic realization G =⇒ G/N.
There is a more general approach to the automatic realizations. We write ν(G, k)
for the number of distinct G-extensions of k within a fixed algebraic closure of k. We then write K(G) for the set of fields k such that ν(G, k) ≥ 1. Now it is clear that if k ∈ K(G) implies k ∈ K(H), then the automatic realization G =⇒ H holds.
Berg and Schultz recently considered in [BS] with n ≥ 2 when p = 2. Let k be given. Then
Schults generalized the latter result in [Schu] . Suppose that A is an F p [G]-module which is not isomorphic to
for any choice of j ∈ {−∞, 0, · · · , n − 1} and d i ∈ Z. IfĜ is any extension of G by A, and if A contains elements a 1 , · · · , a k which are F p [G]-independent, then ν(Ĝ) ≥ p k .
